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I. INTRODUCTION
Beryllium, with its four electrons and strong mixing of the 1s 2 2s 2 and 1s 2 2p 2 configurations, has long been the subject of investigation and a test of theories. We recently contributed to this discussion by presenting results from a very large Hylleraas-Configuration Interaction (Hy-CI) calculation (over 40000 symmetry adapted expansion functions) of the beryllium ground 1 S state. 1 The purpose of this paper is to extend this calculation to the ground 1 S state of all berylliumlike ions, i.e., to the entire Be 2 1 S isoelectronic sequence. Li − , although a four electron system also, has a decidedly different electronic structure and is not included in the subsequent discussions.
The importance of the correlation of electronic motion for an accurate determination of atomic and molecular problems has long been recognized. From a computational point of view, the central problem is how to build electron-electron correlation into wave functions. A measure of the effectiveness of this correlation is the electron correlation energy, which has been most commonly defined as the difference between the exact nonrelativistic (NR) energy of the system and the Hartree-Fock energy.
2, 3 Therefore accurate and dependable compilations of nonrelativistic atomic total energies are useful calibration points for the development of more sophisticated models used in electronic structure calculations. [4] [5] [6] [7] [8] For example, density functional theory uses correlation energies (McCarthy and Thakkar 9 compute closed-shell atom correlation energies from Z = 19 through Z = 86) for the evaluation and parameterization of nonrelativistic density functionals. 9, 10 They are also useful as a starting point for more electron atoms by giving an accurate 4-electron core. In addition, the calculation of physical energies of interest, e.g., a transition energy or familiar chemical ionization potentials or electron affinities, involves these nonrelativistic energies. So the nonrelativistic energies need to be calculated accurately to guarantee the accuracy of the result, and hence can be regarded as fundamental atomic data (see, for example, the excellent recent reviews of their high accuracy work including corrections for relativistic and QED effects by Adamowicz and co-workers 11, 12 or the recent high accuracy results for Be of Puchalski, Komasa, and Pachucki 13, 14 ). The total nonrelativistic, stationary-point-nucleus energy, E(N, Z), is defined as the exact solution (eigenvalue) of the nonrelativistic Hamiltonian H NR defined as
in atomic units (the atomic unit of energy, the hartree (h), is chosen as and a nuclear attraction part V i = −Z/r i . N denotes the number of electrons (N = 4 for beryllium-like ions) and Z the corresponding nuclear charge.
For N electrons, the time-independent, nonrelativistic Schrödinger equation is then
Partitioning the Hamiltonian in Eq. (1) into H 0 and H 1 , where
and
one may show, by treating H 1 as a perturbation term and expanding the resulting total nonrelativistic energy, that E(N, Z)/Z 2 can be expanded in a formal Laurent sequence in Z −13, 5, 15-17 from which one obtains the formal expression for E(Z),
where, since N = 4 for all of the ions in this study, the dependence of E on N is suppressed. In earlier studies, Rayleigh-Schrödinger perturbation theory Z −1 expansions, which are a special case of the more general infinite series representation of E(Z) given by Eq. (5), have been used to evaluate the energies of twoelectron ions by Dalgarno and co-workers (for a review, see Ref. 18 ). Three-electron ions have been treated by Yan, Tambasco and Drake, 16 who discuss two different perturbation procedures for determining the energy coefficients in Eq. (5) and give nonrelativistic energy results for the Li ground 2 S state for Z = [15, 50] which have an estimated accuracy ranging from 6 decimal places (Z = 15) to 7 decimal places (for Z = 50). At the four-electron level, the studies of various members of the four-electron isoelectronic sequence include the work of Watson and ONeill, 19 who do a perturbative treatment to obtain energy expansion coefficients through order 10. However, the eigenvalues obtained with their equations understandably do not compete with the more refined calculations of Chung, Zhu, and Wang 20 and Clementi and coworkers. 21 The renormalization procedure of Kais, Sung, and Hershbach, 22 while not as accurate as the more refined calculations (see Table I ), has proven useful in providing trial energies needed by our inverse iteration eigensolver, as will be discussed later.
Instead of perturbative expansion techniques which have not been particularly successful (certainly not in the 4 electron case), Frolov (5)) to obtain rather accurate nonrelativistic total energies for the entire Be 2 1 S isoelectronic sequence. 
II. VARIATIONAL CALCULATIONS
The Hy-CI wave function for four electron states is
where have given the general proof that only one primitive spin function is needed to ensure convergence of eigenvalues to the exact root of the Hamiltonian. As has been pointed out by King, 30 the second spin function can be important for computing precise values of properties other than the energy, like hyperfine coupling constants 26, [31] [32] [33] and spin-dependent expectation values like the Fermi contact term. 26, 34, 35 This issue has been extensively studied recently by Wang et al. 36 The coefficients C K in Eq. (6) are found by solving the generalized eigenvalue problem HC = λSC, where H KL = K |H| L and S KL = K | L , using the familiar inverse iteration method. The nonrelativistic Hamiltonian H is given by Eq. (1). Quadruple precision is used in this work, and as in previous recent work, 1, 27, [37] [38] [39] the Message Passing Interface Standard (MPI) 40 is used to parallelize the code. The configuration state functions (CSFs) given by Eq. (7) can be written as
in terms of spatial and spin functions F K (r 1 , r 2 , r 3 , r 4 ) and K . Only one spin function K = 1 = αβαβ is used in this work and the spatial part of the wave function F K (r 1 , r 2 , r 3 , r 4 ) is given by a particular choice of r ij factor and Hartree orbital product
where ν K is either 0 or 1. Table I in Sec. III for reference energies). The STO orbital exponents used in this work for the Be ground state are given in Ref. 25 . For the rest of the isoelectronic sequence orbital exponents were obtained by Z/4 scaling, a procedure which works quite well, as will be shown.
Parallel processing is an important aspect of these calculations, with the number of processors used varying from 128 to 256 with 192 being typical. This is not large by current standards and scaling to more processors with the current code would be feasible on a routine basis provided one can be assured of adequate resources per process. For Be the generation of the matrices H and S takes much longer than the solution of the secular equation due to the existence of a very large number of four-electron integrals. For large expansion lengths N the ratio of matrix element build to eigenvalue solve times was typically about 20 to 1 using an efficient solver (inverse iteration) but relatively inefficient integral and matrix element packages. Inverse iteration scales as expected. In the previous work, 1 matrix element build scaled rather poorly due to the use of column partitioning of the H and S matrices rather than a more efficient block partitioning used in this work. In this work, the computation of all blocks is timed, and then in subsequent runs this information may be used to effect an optimal assignment of blocks to the various processors to equalize the load on each processor as much as possible (and hence to load-level). In this way, armed with knowledge of the computational cost of the different types of blocks, it is possible to efficiently distribute the load and achieve almost perfect theoretical scaling for the matrix element build part of the calculation (e.g., speedups of 127 on 128 processors were routinely predicted). Table I shows the 38,253 term computed result for the ground state of Be and compares it with the recent high accuracy determination of Pulchalski, Komasa, and Pachucki 13 using ECGs, a result of nanohartree accuracy. From this comparison, it can be seen that the 38,253 term wave function has achieved 7 decimal place accuracy. The energies of the next two members of the Be isoelectronic sequence, B + and C ++ , are computed simply by scaling all orbital exponents by Z/4 (the ratio of nuclear charges since Z = 4 for Be) and using the same 38,253 terms in the wave function. Comparing the results in column 3 to the high quality results of Adamowicz and co-workers 41, 42 in column 4 shows that simply scaling all orbital exponents by Z/4 again results in an error of at most 1 in the seventh decimal place. Next the remaining members of the Be isoelectronic sequence listed in Table I were computed by the same procedure. Computed energies listed in column 3 are compared with reference values listed in columns 4-6, from which it is clear that the computed energies (except for the first three) are already superior to the known reference energies for these states.
III. BERYLLIUM ISOELECTRONIC SEQUENCE
One complication is that using inverse iteration to solve the generalized eigenvalue problem requires an estimate of the desired eigenvalue. Reference values listed in columns 4-6 are of sufficient accuracy for this work. However, to continue on to higher Z, fairly accurate starting values are needed. These can be obtained by least squares fitting the known energy values over some specified Z-range, then extrapolating to estimate the energy E(Z) for some Z value outside the Z-range used to obtain the fitting polynomial. Calculate the new E(Z) and add it to the list of known energies and repeat the least squares fit, thus bootstrapping up to higher Z. This process is readily automated. E(38,253) values given in Table IV of  Ref. 25 for Z ≥ 28, Z = 5 were obtained in this way. Although not shown here, a total of 66 different NR energies were calculated to effectively cover the entire range of Z = [4, 113] at the 38,53 expansion level, which were not particularly big calculations with the current code. Our least squares data fitting was done using QR factorization (subroutine DQRLS 43 ). After least squares fitting, the predicted energies match the computed energies (data points) to much better than 7 decimal places, as expected.
To improve the results, the (Be) wave function was extended to 52,405 terms. This was accomplished by expanding the atomic orbitals (AOs) to both include higher powers, e.g., 9p K and 9p L , and a different orbital exponent in the case of the p K2 AOs, and by changing the threshold used to determine which term types to include in the final wave function. In our earlier work, 1 the threshold was 5 nanohartrees. In this work, the threshold has been lowered to 0.25 nanohartrees, with many more smaller energy improvement blocks included in the 52,405 term expansion than in the 38,253 term case. An additional improvement introduced in this work was the treatment of degenerate states. In this work, all CSF types which give rise to only 1 S states are separately entered and projected, but only the ones greater than the 0.25 nh threshold were included in the final expansion, thereby keeping the overall size of the expansion down. The 52,405 term expansion given in Table II of Ref. 25 , the net effect of all these changes, is a 57 nh improvement over the 38,253 term expansion and a 54 nh improvement over our best previous Be result. 1 The computed energy values for 26 values of Z are shown in In Table IV of Ref. 25 , there are five 52,405 term energies which are labelled predicted energies. These entries are all ones for which energies have been computed for all expansion lengths but 52,405. One can form the energy difference for all systems for which both a 52,405 term expansion and a 38,253 term expansion exists, and then perform a least squares fit of the energy differences to come up with predicted energy differences for the Z values which are missing a 52,405 term calculated energy. Adding these differences to the 38,253 term energies gives "predicted" E(52,405,Z) values marked (P). The agreement between these "predicted" values and the least squares interpolated values is very good, sub-nanohartree accuracy being achieved.
Next the (Be) wave function was extended to 79,137 terms by lowering the cutoff to 0.025 nh (and in some cases raising r-sum to 20). The 79,137 term expansion is given in To generate the final energies in Table IV of Ref. 25, calculated and predicted, the procedure used was the same one used for 52,405 energies, with one exception. The computed Ne6+ energy, −110.2906 6112 2441 nh, caused problems with the 79,137 − 52,405 expansion difference set. So we did not use it in predicting the extra 79,137 data points. We then interpolated from the resulting 79,137 data points (all of them) to obtain the interpolated Ne6+ data point in the table (the Ne6+ problem proved to be particularly vexing and remains under investigation). 80,073 − 79,137 expansion energy differences were then computed for all the data points in the table, including the interpolated data point, to give the "predicted" E(80,073,Z) values marked (P). Again these "predicted" values are very close to what one gets by interpolation of the 80,073 data points themselves.
Our previous 41,871 term result 1 was fully 75 nanohartrees above the best ECG result at the time, that of Stanke et al. 46 Our current best 80,073 expansion result is 15 nanohartrees below the Stanke et al. 46 calculation, and is bettered only by the recent ECG result of Puchalski, Komasa, and Pachucki 13 which is 2.3 nh better than our 80,073 expansion result (we compare with their computed variational upper bound to the NR energy, rather than their extrapolation based on convergence estimates given in the table in this reference as well as in their later publication 14 ) . We stopped at the 80,073 expansion level because of computer code basis set limitations and long computation times. Doing substantially better will require greater flexibility in the atomic orbital basis, including adding hh and possibly ii blocks, better CSF filtering to reduce the expansion lengths, and extensive experimentation to find the best combination of CSFs and orbitals on which to base a much larger so-called "full complete (benchmark) calculation."
Returning to Eq. (5),
Our final result for the Be 1 S ground state isoelectronic sequence is given both as a single polynomial and as a three polynomial piece-wise fit in Table II where the powers Z −n and the coefficients a n are given for the polynomials making up both the single polynomial and the piece-wise fit (the data used for the fits is the 80,073 column in Table IV in Ref. 25) . The coefficients in the table are given to the number of digits needed to reproduce the input data points to a few units in the 10th decimal place (Table VI in Ref. 25 gives the same  table with all coefficients to full precision). The predictions obtained using these formulas are excellent (to a few tenths of a nanohartree when comparing with what one gets when a data point is dropped), unless the dropped point is for Z = 4, 5, or 6 where the differences are at the nanohartree level. A detailed look at how things vary in this range is an avenue for future research to determine whether this is due to the shell structure, distribution of the correlation energies, or perhaps the "double cusp." Table III gives both calculated nonrelativistic energies and predicted energies for Z ranges [4, 18] and [18, 48] (the whole Z range [4, 113] is given in Table VII in Ref. 25) . By inspecting the table, one can see both the data points and the gaps for these two ranges. Using subroutine DQRLS, a best fit is obtained by varying the range and the order of the Z −1 expansion. The particular measure of the goodness of the fit used here is just the maximum Residual (maximum Difference in the table), which is better than 10 −9 hartree for all the fits.
The 80,073 term results given in the last column of Table IV of Ref. 25 and by the piece-wise fit given by Eq. (10) with the coefficients tabulated in Table II are estimated to be good to 8 or probably 9 decimal places. The consistency of the fits is much better than 8 decimal places, but how accurate the energies are ultimately depends on how accurate the Be energy is. We are within 2.3 nh of the ECG best value of Pulchalski, Komasa, and Pachucki. 13 Those authors estimate that they are within 3 nh of the exact NR energy, but to really estimate this error will require a so-called "full, complete" expansion. However, it should be clear that the prescription that we have detailed has produced nonrelativistic energies for the whole isoelectronic sequence good to 10 nanohartrees or better.
Additional support for the 10 nanohartree accuracy claim comes from an additional final optimization of the Be AO orbital basis at the 79,137 term expansion level. We gained approximately −2.372 nh by an additional tedious optimization of the exponents of Be(79,137). Using these optimized orbital exponents and a slightly larger expansion (83,598), our best result for the Be ground state is −14.6673 5649 269 h, which is within 2.3 nh of the best ECG value. Using these new exponents, we scale to get a C++ energy. This then was optimized further to pick up an additional −1.488 nh of energy, giving an improved C++ ground state energy of −36.5348 5236 25 hartree. The new orbital exponents corresponding to the best Be and C++ results are given in Ref. 25 . So simple scaling of the orbital exponents of the optimized Be calculation is not sufficient for all Z, but the error is small (on the order of 1-2 nh).
We have previously discussed the Hy-CI restriction of one r ij per CSF. For Li, 27 it has been shown that odd power linked product terms (r ij products with one index in common) are unimportant at the nanohartree level, and by inference probably not a problem in the four electron case either. The unlinked r ij r kl (no indices in common) term types, which first occur in the four electron case, are expected to be more important, however, with r 12 r 34 expected to be the most important. In Hy-CI, this effect can hopefully be effectively represented using a superposition of normal Hy-CI term types. One can reason that the r 12 r 34 double cusp leads to two convergence problems, 34 . In both cases, the cluster is basically a linear combination of pair functions ss + pp + dd + ff + gg + . . . . Reasoning from our experience with He 37 the convergence of each cluster can be very slow as it goes like 1/l 2 . And is very likely the reason for the relatively long expansions and slow convergences in the present calculations. In this connection, generalization of Hy-CI to include odd power unlinked r ij r kl products (no indices in common, a "double-unlinked Hy-CI") would settle the issue, but at the cost of greatly complicating the calculation of matrix elements. Note that Be is the perfect test case for this since there is only one double-unlinked pair product of likely importance, r 12 r 34 .
To test how well the convergence of the r 12 r 34 term type ("double cusp problem") is treated in Hy-CI, the calculations presented in Table V in Ref. 25 were done. Compared to the slow, cusp-connected convergences in typical CI calculations, this is fast convergence, suggesting that this correlation type can be accurately, albeit slowly, represented within the Hy-CI model. Modifying the Hy-CI model to include unlinked r ij r kl products (no indices in common, a "double-unlinked Hy-CI") is an avenue for future research. In addition there is another problem. Just because the energy contributions get small does not mean one can get by with fewer terms in the pair expansions. This was a surprise in He where the CI calculation was done out to l=20 terms. Five and six orbitals of each l-type were needed TABLE III. Calculated 80,073 CSF nonrelativistic energy values and predicted energy values obtained from least squares fits for the piecewise expansions of the Z ranges [4, 18] and [18, 48] . Energies are in hartrees, energy differences are in nanohartrees. Maximum residual for [4, 18] is 0.62 × 10 −10 and for [18, 48] to pick up the contribution for a given l. Another g orbital as well as 4 h orbitals and perhaps i orbitals may be needed to get nanohartree accuracy. Thus it appears that while 10 nanohartree accuracy can be achieved without any difficulty, the remaining difficulty with Be can be explained as poor convergence of the r 12 r 34 double cusp which can only be explored further rigorously with hh and ii terms, etc.
IV. CONCLUSION
The ability of Hy-CI calculations to achieve 10 nanohartree accuracy for the beryllium ground state isoelectronic sequence is shown in this work. The convergence of r 12 r 34 term types has been investigated, and Hy-CI appears to accurately represent this term type, although more research is needed on this point. Rather ambitious variational calculations are combined with a fitting polynomial of the sort given by Eq. (5) to achieve 10 nanohartree or better accuracy for the entire beryllium ground state isoelectronic sequence. The calculations exemplify the level of accuracy that is now possible with Hy-CI in describing not only the ground state of Be, but also excited states (S and non-S, singlet and triplet) as well as Be-like ions. Such calculations are currently in progress.
